We use Ruscheweyh derivative to define certain new classes of analytic functions with bounded radius rotation and related to conic domains. Some interesting and significant results such as inclusion results, growth rate of coefficients and radius problems for these new classes of k-uniformly functions. Several special cases are discussed. Results obtained in this paper may stimulate further research activities in this field.
Introduction
Let A be the class of functions of the form
which are analytic in the open unit disc E = {z : |z| < 1}. Let S * (δ ) and C(δ ) denote the subclasses of A consisting of starlike and convex functions of order δ (0 ≤ δ < 1) respectively, where S * (0) = S * and C(0) = C are the well known classes of starlike and convex functions. Let S ⊂ A be the class of univalent functions. Then the inclusion relation C ⊂ S * ⊂ S holds, e.g. see [3] .
Kanas and Wisniowska [5] studied the classes of k-uniformly convex functions, denoted by k − UCV , and the corresponding class k − ST related by the Alxander type relation. See also [10] . Also, if f and g are analytic in E, we say that f is subordinate to g in E, written as f ≺ g or f (z) ≺ g(z), if there exists a Schwarz function w(z) such that f (z) = g(w(z)) for z ∈ E. For k ∈ [0, ∞), the conic domain Ω k are defined as follows, see [4] .
For fixed k, Ω k represents the conic regions bounded successively, by the imaginary axis (k=0), the right branch of a hyperbola (0 < k < 1) and a parabola k = 1. When k > 1, the domain becomes a bounded domain being interior of the ellipse. We shall consider here k ∈ [0, 1].
Related to the domains Ω k , the following functions p k (z) play the role of extermal functions mapping E onto Ω k . These functions are univalent in E and belong to the class P of functions with positive real part and are given as:
Using subordination concept, we define the class P(p k ) as follows.
It is known [5] that p ∈ P(p k ) is in the class P(δ ) of functions with positive real part greater than
We generalize the class P(p k ) as follows. 
Definition 1. Let p be analytic in E with
where
Also, it is obvious that p ∈ P m (p k,α ) can be written as
For m = 2, α = 0, we have the class P(p k ). When k = 0, the class P m (p 0,α ) reduces to P m (α), see [11] , and P m (0) = P m was introduced in [12] .
The relation (4) can be expressed as:
The following identity holds and can easily be verified.
The operator D n is called Ruscheweyh derivative of order n, see [16] .
We shall assume, unless otherwise stated, that
A function f ∈ A is said to belong to the class R m (n, α) if and only if
When n = 0, α = 0, we get the class R m of functions with bounded radius rotation, see [3] .
We now define the following.
As special cases, we have the following:
By using Alexander type relation, the class k −UV m (n, α) is defined as follows.
We note that
V m of the functions with bounded boundary rotation, see [3] . For a function f ∈ A, we define the integral operator I c : A → A, by
When c ∈ N = {1, 2, 3, . . .}, the operator I c was introduced by Bernadi [2] . In particular I 1 , was studied earlier by Libera [6] and Livingston [7] .
Preliminaries
In order to derive our main results, we need the following lemmas.
Lemma 1([14], p 217).
Lemma 2. Let k ≥ 0 and let σ , δ be any complex numbers with σ = 0 and 0
and q k,α (z) is an analytic solution of
The function q k,α (z) is the best dominant of (10) and is given as
This result can be found in [10] and is an easy generalization of one due to Kanas [4] .
Lemma 3([13]).
Let f ∈ C and g ∈ S * . Then, for every function F analytic in E with F(0) = 1, we have
whereCo(F(E)) denotes the closed convex hull of F(E).

Lemma 4([15]). Let p be an analytic function in E with
for |z| < r 0 , where r 0 is given by
and this radius is best possible.
Main Results
H(z) is analytic in E and H(0) = 1.
From (6) and (11), we obtain
Using (12), (13) and Lemma 1 with α = 1, c = n, it follows that
Applying Lemma 2, we obtain
, where σ is given by
and 2 F 1 represents Gauss hypergeometric function. This result is sharp.
Proof. In fact, from (14) , it follows that
This implies, by using a result due to Miller-Mocann [8, p 113, Theorem 3.3 e] that h i ∈ P(σ ), where σ is given by (15) . For sharpness, the extremal function is given as
Consequently H ∈ P m (σ ), σ is given by (15) . This completes the proof that f ∈ R m (n, σ ) in E.
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As a special case, when n = 0, we note that R m (1, α) = V m (α), where V m (α) is the class of functions of bounded boundary rotation with order α, see [3] , and f ∈ V m (α) implies that f ∈ R m (0, σ ) = R m (σ 0 ), where R m (σ 0 ) is the corresponding class of bounded radius rotation with order σ 0 , order σ 0 is given by (15) with n = 0, as follows.
When α = 0, we have
This shows, if f ∈ V m , then f ∈ R m 1 2 . When m = 2, this leads to a well known result that a convex univalent function is a starlike function of order 
we use a coefficient result for the class V m (γ) proved in [9] to have, for j > 3, m ≥ 2.
, and this gives us a n = O(1). j
The function F 0 ∈ R m (n, γ) defined by
shows that the exponent {(1 − γ) m 2 + 1 − (n + 1)} is the best possible.
where id is the identity function.
Proof. Let f (z) = z. Then it follows trivially that z ∈ R m (n, γ) for n ∈ N 0 . On the contrary, assume that
R m (n, γ) with f (z) given by (1). Then, from Theorem 2, we deduce that f (z) = z.
We now show that the class k − UR m (n, α) is preserved under generalized Bernardi operator given by (7) .
Simple computations and use of (7), (16) , lead to the following.
With similar technique used in Theorem 1, and from (16), (17), it follows that
We now apply Lemma 2 to have
and consequently h ∈ P m (p k,α ), z ∈ E. This proves
As special cases, we note that:
i. For m = 2 n = 0 = α,the class k − ST is preserved under generalized Bernardi operator. ii. With m = 2, n = 1, α = 0, it follows from Theorem 4, that the class k − UCV of uniformly convex functions is invariant under the operator given by (17).
, where c > −1, and
Proof. Proceeding as in Theorem 4, it follows from (17) that
Then, as in corollary 1, p i ∈ P(β ), i = 1, z ∈ E, where β is given by (18). Consequently, from (18), h ∈ P m (β ) and hence
Corollary 3.
, where
.
iii.
, where I n ( f ) is defined by (7) with c = n ∈ N 0 . The proof is straightforward when we note, from (6) and (7) , that
Next we consider the converse of the problem involving the operator (7) for the case when m = 2. 
Proof. We first prove the following.
Let f 1 ∈ k − UR 2 (n, α) and let φ (z) be convex univalent in E. Then we show that (φ (z) * f 1 (z)) ∈ k −UR 2 (n, α) in E.
Since f 1 ∈ k − UR 2 (n, α), D n f 1 ∈ S * k+α k+1 ⊂ S * , F ∈ P(p k,α ) and φ ∈ C in E, we use Lemma 3 to conclude that φ * f 1 ∈ k −UR 2 (n, α). 
